
 P O R T F O L IO  SE L E C T IO N *


 H A R R Y  M A R K O W IT Z


 T h e R an d  C orp oration 


 T H E PR O C ESS O F SELEC T IN G  a portfolio m ay  be divided in to tw o stages.


 T h e first stag e starts w ith  ob serv ation  an d  ex p erien ce an d  en d s w ith 


 b eliefs ab ou t th e fu tu re p erform an ces of av ailab le secu rities. T h e


 secon d  stag e starts w ith  th e relev an t b eliefs ab ou t fu tu re p erform an ces


 an d  en ds w ith  th e ch oice of p ortfolio. T h is p aper is con cern ed  w ith  th e


 secon d  stag e. W e first con sider th e rule th at th e in vestor d oes (or sh ould)


 m axim ize discoun ted  expected, or an ticipated, return s. T h is rule is re-

 jected  b oth  as a h y p oth esis to ex p lain , an d  as a m ax im u m  to g u id e in -

 v estm en t b eh av ior. W e n ex t con sid er th e ru le th at th e in v estor d oes (or


 sh ou ld ) con sid er ex p ected  retu rn  a d esirab le th in g  an d  v arian ce of  re-

 tu rn  an  u n d esirab le th in g . T h is ru le h as m an y  sou n d  p oin ts, b oth  as a


 m ax im  for, an d  h y p oth esis ab ou t, in v estm en t b eh av ior. W e illu strate


 g eom etrically  relation s b etw een  b eliefs an d  ch oice of p ortfolio accord -

 in g  to th e "ex p ected  retu rn s-v arian ce of  retu rn s" ru le.


 O n e ty p e of ru le con cern in g  ch oice of p ortfolio is th at th e in v estor


 d oes (or sh ou ld ) m ax im ize th e d iscou n ted  (or cap italized ) v alu e of


 fu tu re retu rn s.1 Sin ce th e fu tu re is n ot k n ow n  w ith  certain ty , it m u st


 b e "ex p ected " or "an ticip ated " retu rn s w h ich  w e d iscou n t. V ariation s


 of  th is ty p e of  ru le can  b e su g g ested . F ollow in g  H ick s, w e cou ld  let


 "an ticip ated " retu rn s in clu d e an  allow an ce for risk .2 O r, w e cou ld  let


 th e rate at w h ich  w e cap italize th e retu rn s from  p articu lar secu rities


 v ary  w ith  risk .


 T h e h y p oth esis (or  m ax im ) th at th e in v estor  d oes (or  sh ou ld )


 n m axim ize discoun ted  return  m ust be rejected. If w e ign ore m ark et im -

 perfection s th e foregoin g  rule n ever im plies th at th ere is a diversified


 p ortfolio w h ich  is p referab le to all n on -d iv ersified  p ortfolios. D iv ersi-

 f ication  is b oth  ob serv ed  an d  sen sib le; a ru le of  b eh av ior w h ich  d oes


 n ot im ply  th e sup eriority  of d iv ersification  m ust b e rejected  b oth  as a


 h y p oth esis an d  as a m ax im .


 * T h is paper is based on  w ork  don e by  th e auth or w h ile at th e C ow les C om m ission  for


 R esearch  in  E con om ics an d  w ith  th e fin an cial assistan ce of  th e Social Scien ce R esearch 


 C ou n cil. It w ill b e rep rin ted  as C ow les C om m ission  P ap er, N ew  Series, N o. 60.


 1. See, for exam p le, J . B . W illiam s, T h e T h eory  of In v estm en t V alu e (C am b rid g e, M ass.:


 H arv ard  U n iv ersity  P ress, 1938), p p . 55-75.


 2. J . R . H ick s, V alu e an d  C ap ital (N ew  Y ork : O x ford  U n iv ersity  P ress, 1939), p . 126.


 H ick s ap p lies th e ru le to a firm  rath er th an  a p ortfolio.
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 78 T h e J ou rn al of F in an ce


 T h e foreg oin g  ru le fails to im p ly  d iv ersification  n o m atter h ow  th e


 an ticipated  return s are form ed ; w h eth er th e sam e or d ifferen t discoun t


 rates are u sed  for d ifferen t secu rities; n o m atter h ow  th ese d iscou n t


 rates are d ecid ed  u p on  or  h ow  th ey  v ary  ov er tim e.3 T h e h y p oth esis


 im p lies th at th e in v estor p laces all h is fu n d s in  th e secu rity  w ith  th e


 g reatest d iscou n ted  v alu e. If  tw o or m ore secu rities h av e, th e sam e v al-

 u e, th en  an y  of  th ese or  an y  com b in ation  of  th ese is as g ood  as an y 


 oth er.


 W e can  see th is an aly tically : su p p ose th ere are N  secu rities; let rB  b e


 th e an ticip ated  retu rn  (h ow ev er d ecid ed  u p on ) at tim e t p er d ollar in -

 v ested  in  secu rity  i; let d  b e th e rate at w h ich  th e retu rn  on  th e O h 


 secu rity  at tim e t is d iscou n ted  b ack  to th e p resen t; let X i b e th e rela-

 tiv e am ou n t in v ested  in  secu rity  i. W e ex d u d e sh ort sales, th u s X i 0 O 


 for all i. T h en  th e d iscou n ted  an ticip ated  retu rn  of  th e p ortfolio is


 R =3 E  d i,t itX 


 = X iE d it rit)


 R X  = E  d i rit is th e d isc


 R  = Y X iR i w h ere R i is in d ep en d en t of X i. Sin ce X i 3 0 for

 an d  2X i = 1, R  is a w eig h ted  av erag e of R X  w ith  th e X i as n on -n


 tiv e w eig h ts. T o m ax im ize R , w e let X i = 1 for i w ith  m ax im u m  R i.


 If sev eral R aa, a = 1, ..., K  are m ax im u m  th en  an y  allocation  w ith 


 E  X aa = 1


 m ax im izes R . In  n o case is a d iv ersified  p ortfolio p


 d iv ersified  p ortfolios.


 It w ill b e con v en ien t at th is p oin t to con sid er a static m od el. In -

 stead  of sp eak in g  of th e tim e series of return s from  th e ih  security 


 (ril, ri2, ... , rit, . . .) w e w ill sp eak  of "th e flow  of retu rn s" (ri) from 


 th e iP  secu rity . T h e flow  of retu rn s from  th e p ortfolio as a w h ole is


 3. T h e resu lts d ep en d  on  th e assu m p tion  th at th e an ticip ated  retu rn s an d  d iscou n t


 rates are in d ep en d en t of th e p articular in v estor's p ortfolio.


 4. If sh ort sales w ere allow ed , an  in fin ite am ou n t of m on ey  w ou ld  b e p laced  in  th e


 secu rity  w ith  h ig h est r.
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 R  = 2X ,X r. A s in  th e d y n am  ic case if t


 "an ticip ated " retu rn  from   th e p ortfolio


 th at secu rity  w ith  m  ax im  u m   an ticip ated


 T h ere is a ru le w h ich  im  p lies b oth  th a


 an d  th at h e sh ou ld  m  ax im  ize ex p ected  r


 in v estor d oes (or sh ou ld ) d iv ersify  h is f


 w h ich  g iv e m  ax im  u m   ex p ected  retu rn .

 in su re th at th e actu al y ield  of th e p ort


 th e ex p ected  y ield .5 T h is ru le is a sp ecia


 v arian ce of retu rn s ru le (to b e p resen t


 is a p ortfolio w h ich  g iv es b oth  m  ax im  u m 


 v arian ce, an d  it com  m  en d s th is p ortfoli


 T h is p resu m  p tion , th at th e law  of larg


 folio of secu rities, can n ot b e accep ted . T


 too in tercorrelated . D iv ersification  can n


 T h e p ortfolio w ith  m  ax im  u m   ex p ected


 on e w ith  m  in im  u m   v arian ce. T h ere is a

 g ain  ex p ected  retu rn  b y  tak in g  on  v aria


 in g  u p  ex p ected  retu rn .


 W  e saw  th at th e ex p ected  retu rn s or

 ad equ ate. L et u s n ow  con sid er th e ex p


 tu rn s (E -V ) ru le. It w ill b e n ecessary  to

 con cep ts an d  resu lts of m  ath em  atical s


 som  e im  p lication s of th e E -V  ru le. A fte


 b ility .


 In  ou r p resen tation  w e try  to av oid  co


 m  en ts an d  p roofs. A s a con sequ en ce a p r


 g en erality . T h e ch ief lim  itation s from 


 deriv e ou r resu lts an aly tically  for th e n -secu rity  case; in stead , w e


 p resen t th em  g eom etrically  for th e 3 an d  4 security  cases; (2) w e assu m e


 static p rob ab ility  b eliefs. In  a g en eral p resen tation  w e m u st recog n ize


 th at th e p rob ab ility  d istrib u tion  of y ield s of th e v ariou s secu rities is a


 fu n ction  of tim e. T h e w riter in ten d s to p resen t, in  th e fu tu re, th e g en -

 eral, m ath em atical treatm en t w h ich  rem ov es th ese lim itation s.


 W e w ill n eed  th e follow in g  elem en tary  con cep ts an d  resu lts of


 m ath em atical statistics:


 L et Y  b e a ran d om  v ariab le, i.e., a v ariab le w h ose v alue is d ecid ed  b y 


 ch an ce. Su p p ose, for sim p licity  of ex p osition , th at Y  can  tak e on  a


 fin ite n u m b er of v alu es y i, y 2, .. , Y N . L et th e p rob ab ility  th at Y  =


 5. W illiam s, op. cit., p p. 68, 69.
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 80 T h e J ou rn al of F in an ce


 y i, b e P i; th at Y  = y 2 b e p 2 etc. T h e ex p e


 d efin ed  to b e


 E =P ly l+p 2y 2+. * *+P N Y N 


 T h e varian ce of Y  is defin ed  to b e


 V  = p 1 (y 1-E ) 2 + P 2 (y 2-E ) 2+. . +P N  (Y N -E ) 2


 V  is th e av erag e squ ared  d ev iation  of Y  from  its ex p ected  v alu e. V 


 com m on ly  u sed  m easure of d isp ersion . O th er m easu res of d isp ersion ,


 closely  related  to V  are th e stan d ard  d ev iation , o- = -V V  an d  th e co-

 efficien t of v ariation , alE.


 Sup p ose w e h av e a n um b er of ran d om  v ariab les: R 1, . . . , R ,. If R  is


 a w eig h ted  su m  (lin ear com b in ation ) of th e R i


 aL iR i + a2R 2 +. . . + a.R .


 th en  R  is also a ran d om  v ariab le. (F or ex am p le R 1, m ay  b e th e n u m b er


 w h ich  tu rn s u p  on  on e d ie; R 2, th at of  an oth er d ie, an d  R  th e su m  of


 th ese n u m b ers. In  th is case n  = 2, a, = a2 = 1).


 It w ill b e im p ortan t f or  u s to k n ow  h ow  th e ex p ected  v alu e an d


 varian ce of th e w eigh ted  sum  (R ) are related  to th e probability  dis-

 tribution  of th e R 1, . . . , R ,n . W e state th ese relation s below ; w e refer


 th e reader to an y  stan dard  text for proof.6


 T h e expected value of a w eigh ted  sum  is th e w eigh ted sum  of th e


 ex p ected  v alu es. I.e., E (R ) = alE (R i) + a2E (R 2) + . . . + an E(R n )


 T h e v arian ce of a w eig h ted  su m  is n ot as sim p le. T o ex p ress it w e m u st


 d efin e "cov arian ce." T h e cov arian ce of R 1 an d  R 2 is


 o12=E  I [R 1-E  (R 1) I [R 2-E  (R 2) I I


 i.e., th e ex p ected  v alu e of [(th e d ev iation  of R 1 from  its m ean ) tim es


 (th e d ev iation  of R 2 from  its m ean )]. In  g en eral w e d efin e th e cov ari-

 an ce b etw een  R i an d  R j as


 crijE  I [R  -E  (R i) ] [R  -E  (R j) I }


 O 'i m ay  b e ex p ressed  in  term s of th e fam iliar correlation  coefficien t


 (p i2). T h e cov arian ce b etw een  R i an d  R j is equal to [(th eir correlation )


 tim es (th e stan d ard  d ev iation  of R j) tim es (th e stan d ard  d ev iation  of


 R j)]T 


 6. E .g ., J . V . U sp en sk y , In trod u ction  to M ath em aticalP rob ab ility  (N ew  Y ork : M cG raw -

 H ill, 1937), ch ap ter 9, p p . 161-81.
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 P ortfolio Selection  8i


 T h e v arian ce of a w eig h ted  su m  is


 V  (R ) = a2 V  (X i) +2 ? aia jaij


 If w  e u se th e fact t


 V  (R ) = aiajx ij


 L et R i b e th e retu rn  on  th e ith  secu rity . L et A 


 of R i; oij, b e th e cov arian ce b etw een  R i an d  R j


 of R i). L et X i b e th e p ercen tag e of th e in v esto


 located  to th e i1k  secu rity . T h e y ield  (R ) on  th e p ortfolio as a w h oie is


 R -=R iX i


 T h e R i (an d  con sequ en tly  R ) are con sid ered  to b e ran d om  v ariab les.7


 T h e X i are n ot ran d om  v ariab les, b u t are fix ed  b y  th e in v estor. Sin ce


 th e X i are p ercen tag es w e h av e 2X i= 1. In  ou r an aly sis w e w ill ex -

 clu d e n eg ativ e v alu es of th e X i (i.e., sh ort sales); th erefore X i I 0 for


 all i.


 T h e retu rn  (R ) on  th e p ortfolio as a w h ole is a w eig h ted  su m  of ran -

 d om  v ariab les (w h ere th e in v estor can  ch oose th e w eig h ts). F rom  ou r


 d iscu ssion  of su ch  w eig h ted  su m s w e see th at th e ex p ected  retu rn  E


 from  th e p ortfolio as a w h ole is


 an d  th e v arian ce is


 V = oE ijx ix


 7. I.e., w e assu m  e th at th e in v estor d oes (an d  sh ould )

 con cern in g  th ese v ariab les. In  g en eral w e w ou ld  ex p ec


 an y  tw o ev en ts (A  an d  B ), w h eth er h e p erson ally  con si


 lik ely  th an  A , or b oth  equ ally  lik ely . If th e in v estor w 


 m  atters, h e w ou ld  p ossess a sy stem   of p rob ab ility  b e


 to b e con sisten t in  ev ery  d etail. W  e can , h ow ev er, e


 rou g h ly  con sisten t on  im  p ortan t m  atters th at h av e

 also ex p ect th at h e w ill b ase h is action s u p on  th ese p


 b e in  p art su b jectiv e.


 T h is p ap er d oes n ot con sid er th e d ifficult qu estion  o


 th eir p rob ab ility  b eliefs.
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 82 T h e J ou rn al of F in an ce


 F or fix ed  p rob ab ility  b eliefs (p i, aij) th e


 ou s com b in ation s of E  an d  V  d ep en d in g  on  h is ch oice of p ortfolio


 X 1, ... , X N . Su p p ose th at th e set of all ob tain ab le (E , V ) com b in a


 tion s w ere as in  F ig u re 1. T h e E - V  ru le states th at th e in v estor w ou ld


 (or sh ou ld ) w an t to select on e of th ose p ortfolios w h ich  g iv e rise to th e


 (E , V ) com b in ation s in d icated  as efficien t in  th e fig u re; i.e., th ose w ith 


 m in im u m  V  for g iv en  E  or m ore an d  m ax im u m  E  for g iv en  V  or less.


 T h ere are tech n iqu es b y  w h ich  w e can  com p u te th e set of efficien t


 p ortfolios an d  efficien t (E , V ) com b in ation s associated  w ith  g iv en  A i


 v 


 /  a~~~~~ffa;'n ab le


 E ,V  com  b in ation s


 \  /  ~~~~~~~~~~~~~fficien t


 \  / "~ E ,V  com  b in ation


 E 


 F IG . 1


 an d  aio. W e w ill n ot p resen t th ese tech n iqu es h ere. W e w ill, h ow ev er,


 illu strate g eom etrically  th e n atu re of  th e efficien t su rfaces for cases


 in  w h ich  N  (th e n u m b er of av ailab le secu rities) is sm all.


 T h e calcu lation  of efficien t su rfaces m ig h t p ossib ly  b e of p ractical


 use. Perh aps th ere are w ay s, by  com bin in g  statistical tech n iques an d


 th e judgm en t of experts, to form  reason able probability  beliefs (ii,


 oij). W e could use th ese beliefs to com pute th e attain able efficien t


 com bin ation s of (E, V ). T h e in vestor, bein g  in form ed of w h at (E, V )


 com bin ation s w ere attain able, could  state w h ich  h e desired. W e could


 th en  fin d th e portfolio w h ich  gave th is desired com bin ation .
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 P ortfolio Selection  83


 T w o con d ition s-at least-m u st b e satisfied  b efore it w ou ld  b e p rac-

 tical to use efficien t surfaces in  th e m an n er described above. First, th e


 in v estor m u st d esire to act accord in g  to th e E -V  m ax im . Secon d , w e


 m u st b e ab le to arriv e at reason ab le p i an d  o,j. W e w ill retu rn  to th ese


 m atters later.


 Let us con sider th e case of th ree securities. In  th e th ree security  case


 our m odel reduces to


 1) E  =E X il4


 2) V  =iX jaij


 3) E X i=1


 4) X iO  for i=1,2,3.


 F rom  (3) w e g et


 3') X 3=1-X 1-X 2


 If w e su b stitu te (3') in  equ ation  (1) an d  (2) w e g


 of X 1 an d  X 2. F or ex am p le w e fin d


 It) E  = 3 +X l (A l -A 3) + X 2 (A 2 - A )


 T h e ex act form u las are n ot too im p ortan t h ere (th at of V 


 low ).8 W e can  sim p ly  w rite


 a) E  -E  (X 1, X 2)


 b ) V  = V (X I, X 2)


 C ) X I,>0, X 2)(), 1iI- X 1- X 2)>'0


 B y  usin g relation s (a), (b), (c), w e can  w ork  w ith  tw o dim en sion al


 geom etry .


 T h e attain ab le set of p ortfolios con sists of all p ortfolios w h ich 


 satisfy  con strain ts (c) an d  (3') (or equ iv alen tly  (3) an d  (4)). T h e at-

 tain ab le com b in ation s of X 1, X 2 are rep resen ted  b y  th e trian g le ab c in 


 F ig u re 2. A n y  p oin t to th e left of th e X 2 ax is is n ot attain ab le b ecau se


 it v iolates th e con d ition  th at X 1 ) 0. A n y  p oin t b elow  th e X 1 ax is is


 n ot attain ab le b ecau se it v iolates th e con d ition  th at X 2 0 0. A n y 


 8. V  =X  (oi - 2I1a + a8) + X 2(o22 - 2o2a + 8T 3) + 2X tX 2(ff,2 - I13 -28 + o8B )
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 84 T h e J ou rn al of F in an ce


 p oin t ab ov e th e lin e (1 - X  - X 2 0) is n ot attain ab le b ecause it


 v iolates th e con d ition  th at X 3 = 1 - X  -X 2 0.


 W e d efin e an  isom n ean  cu rv e to b e th e set of all p oin ts (p ortfolios)


 w ith  a g iv en  ex p ected  retu rn . Sim ilarly  an  isov arian ce lin e is d efin ed  to


 b e th e set of all p oin ts (p ortfolios) w ith  a g iv en  v arian ce of return .


 A n  exam in ation  of th e form ulae for E  an d  V  tells us th e sh apes of th e


 isom ean  an d  isov arian ce curv es. Sp ecifically  th ey  tell us th at ty p ically 9


 th e isom ean  cu rv es are a sy stem  of p arallel straig h t lin es; th e isov ari-

 an ce cu rv es are a sy stem  of con cen tric ellip ses (see F ig . 2). F or ex am p le,


 if 2 ; A 3 equ ation  1' can  b e w ritten  in  th e fam iliar form  X 2 = a +


 bX 1; specifically  (1)


 X 2=E -3 A lT A  X 1.


 A 2 - A 3 A l2 - 3


 T h u s th e slop e of th e isom ean  lin e associated  w ith  E  = E o is - (1 -

 A 3)/ (2 - A 3) its in tercep t is (E 0 - A 3)/ (A b 2 - 3). If w e ch an g e E

 ch an g e th e in tercep t b u t n ot th e slop e of th e isom ean  lin e. T h is con -

 firm s th e con ten tion  th at th e isom ean  lin es form  a sy stem  of p arallel


 lin es.


 Sim ilarly , b y  a som ew h at less sim ple ap plication  of an aly tic g eom e-

 try , w e can  con firm  th e con ten tion  th at th e isov arian ce lin es form  a


 fam ily  of con cen tric ellip ses. T h e "cen ter" of th e sy stem  is th e p oin t


 w h ich  m in im izes V . W e w ill label th is poin t X . Its expected  return  an d


 v arian ce w e w ill lab el E  an d  V . V arian ce in creases as y ou  m ov e aw ay 


 from  X . M ore p recisely , if on e isov arian ce cu rv e, C 1, lies closer to X 


 th an  an oth er, C 2, th en  C 1 is associated w ith  a sm aller varian ce th an  C 2.


 W ith  th e aid  of th e foreg oin g  g eom etric ap p aratu s let u s seek  th e


 efficien t sets.


 X , th e cen ter of th e sy stem  of isovarian ce ellip ses, m ay  fall eith er


 in sid e or outside th e attain ab le set. F ig ure 4 illustrates a case in  w h ich 


 X  falls in side th e attain able set. In  th is case: X is efficien t. For n o oth er


 portfolio h as a V  as low  as X ; th erefore n o portfolio can  h ave eith er


 sm aller V  (w ith  th e sam e or g reater E) or g reater E  w ith  th e sam e or


 sm aller V . N o p oin t (p ortfolio) w ith  ex p ected  retu rn  E  less th an  E


 is ef f icien t. F or  w e h av e E  > E  an d  V  < V .


 C on sid er  all p oin ts w ith  a g iv en  ex p ected  retu rn  E ; i.e., all p oin ts on 


 th e isom ean  lin e associated  w ith  E . T h e p oin t of  th e isom ean  lin e at


 w h ich  V  tak es on  its least value is th e p oin t at w h ich  th e isom ean  lin e


 9. T h e isom ean  "C curves" are as d escrib ed  abov e except w h en  I,u  = ,U 2= IA 3. In  th e


 latter case all p ortfolios h ave th e sam e expected  return  an d  th e in vestor ch ooses th e on e


 w ith  m in im u m  v arian ce.


 A s to th e assum ption s im plicit in  our d escription  of th e isov arian ce curves see footn ote


 12.
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 is tan g en t to an  isov arian ce cu rv e. W e call th is p oin t X (E ). If w e let


 E  v ary , X (E ) traces ou t a curv e.


 A lg eb raic con sid eration s (w h ich  w e om it h ere) sh ow  u s th at th is cu rv e


 is a straig h t lin e. W e w ill call it th e critical lin e 1. T h e critical lin e p asses


 th rou g h  X  for th is p oin t m in im izes V  for all p oin ts w ith  E (X i, X 2) = E .


 A s w e g o alon g  I in  eith er d irection  from  X , V  in creases. T h e seg m en t


 of th e critical lin e from  X  to th e p oin t w h ere th e critical lin e crosses


 X 2 \  D irection  of


 in creasin g  E *


 \ \  \  \  isom  ean  lin es--

 ~~~~ ~~~isov arian ce cu rv es


 \  \ m   \  \  efficien t p ortfolios


 \ \  attain ab le set


 c b


 ft~~~ _ \ \ 


 c  I


 \  \ \  \  \  X 


 *d irection  of in creasin g  E


 d ep en d s on  It, i,u . # 3


 F IG . 2


 th e b ou n d ary  of th e attain ab le set is p art of th e efficien t set. T h e rest

 th e efficien t set is (in  th e case illu strated ) th e seg m en t of th e ab  li


 from  d  to b . b  is th e p oin t of m ax im u m  attain ab le E . In  F ig u re 3, X 


 ou tsid e th e ad m issib le area b u t th e critical lin e cu ts th e ad m issib le


 area. T h e efficien t lin e b eg in s at th e attain ab le p oin t w ith  m in im u m 


 v arian ce (in  th is case on  th e ab  lin e). It m ov es tow ard  b  u n til it in ter-

 sects th e critical lin e, m ov es alon g  th e critical lin e u n til it in tersects a


 b ou n d ary  an d  fin ally  m ov es alon g  th e b ou n d ary  to b . T h e read er m ay 
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 w ish  to con stru ct an d  ex am in e th e follow in g  oth er cases: (1) X  lies


 outside th e attain able set an d th e critical lin e does n ot cut th e attain -

 able set. In  th is case th ere is a security  w h ich  does n ot en ter in to an y 


 efficien t p ortfolio. (2) T w o secu rities h av e th e sam e isi. In  th is case th e


 isom ean  lin es are p arallel to a b ou n d ary  lin e. It m ay  h ap p en  th at th e


 ef ficien t p ortfolio w ith l m ax im u m  E  is a d iv ersif ied  p ortfolio. (3) A  case


 w h erein  on ly  on e p ortfolio is ef f icien t.


 T h e ef ficien t set in  th e 4 secu rity  case is, as in  th e 3 secu rity  an d  also


 th e N  secu rity  case, a series of con n ected  lin e seg m en ts. A t on e en d  of


 th e efficien t set is th e p oin t of m in im u m  v arian ce; at th e oth er en d  is


 a p oin t of m ax im u m  ex p ected  retu rn '0 (see F ig . 4).


 N ow  th at w e h av e seen  th e n atu re of th e set of efficien t p ortfolios,


 it is n ot d ifficu lt to see th e n atu re of th e set of efficien t (E , V ) com b in a-

 tion s. In  th e th ree secu rity  case E  = ao + aiX , + a2X 2 is a p lan e; V  =


 b o + b ,X j + b 2X 2 + b l2X lX 2 + b ,,X  + b ,2X 2 is a p arab oloid ." A s


 sh ow n  in  F ig u re 5, th e section  of th e E -p lan e ov er th e efficien t p ortfolio


 set is a series of con n ected  lin e seg m en 'ts. T h e section  of th e V -p arab -

 oloid  ov er th e efficien t p ortfolio set is a series of  con n ected  p arab ola


 seg m en ts. If  w e p lotted  V  ag ain st E  for efficien t p ortfolios w e w ou ld


 ag ain  g et a series of  con n ected  p arab ola seg m en ts (see F ig . 6). T h is re-

 sult ob tain s for an y  n um ber of securities.


 V ariou s reason s recom m en d  th e u se of  th e ex p ected  retu rn -v arian ce


 of retu rn  ru le, b oth  as a h y p oth esis to ex p lain  w ell-estab lish ed  in v est-

 m en t b eh av ior an d  as a m ax im  to g u id e on e's ow n  action . T h e ru le


 serv es b etter, w e w ill see, as an  ex p lan ation  of, an d  g u id e to, "in v est-

 m en t" as distin guish ed  from  "speculative" beh avior.


 10. J ust as w e u sed  th e equation  E  = 1 to red u ce th e d im en sion ality  in  th e th ree


 i= 1


 secu rity  case, w e can  use it to rep resen t th e fou r secu rity  case in  3 d im en sion al sp ace.


 E lim in atin g  X 4 w e g et E  = E (X ,, X 2, X 8), V  = V (X ,, X 2, X 8). T h e attain ab le set is rep -

 resen ted, in  th ree-space, b y  th e tetrah ed ron  w ith  v ertices (0, 0, 0), (0, 0, 1), (0, 1, 0), (1, 0, 0),'


 rep resen tin g  p ortfolios w ith , resp ectiv ely , X 4 = 1, X 3 = 1, X 2 = 1, X I = 1.


 L et s12s b e th e su b sp ace con sistin g  of all p oin ts w ith  X 4 = 0. Sim ilarly  w e can  d efin e


 SaX  ... , aa to b e th e sub sp ace con sistin g  of all p oin ts w ith  X i = 0, i $ a,, . .. , aa. For


 each  subspace Sal,.... , aa w e can  d efin e a critical lin e la, .... aa. T h is lin e is th e locus of


 poin ts P  w h ere P  m in im izes V  for all poin ts in  sal,... X  aa w ith  th e sam e E  as P. If a poin t


 is in  Sal, . . . , aa an d  is efficien t it m ust be on  la,, . . ., aa. T h e efficien t set m ay  b e traced


 ou t b y  startin g  at th e p oin t of  m in im u m  av ailab le v arian ce, m ov in g  con tin u ou sly  alon g


 v ariou s la, .. . , aa accord in g  to d efin ite ru les, en d in g  in  a p oin t w h ich  g iv es m ax im u m  E.


 A s in  th e tw o d im en sion al case th e p oin t w ith  m in im u m  av ailab le v arian ce m ay  b e in  th e


 in terior of th e available set or on  on e of its boun daries. T y pically  w e proceed  alon g  a g iven 


 critical lin e un til eith er th is lin e in tersects on e of a larg er su b sp ace or m eets a b oun d ary 


 (an d  sim u ltan eou sly  th e critical lin e of  a low er d im en sion al su b sp ace). In  eith er of th ese


 cases th e efficien t lin e turn s an d  con tin ues alon g  th e n ew  lin e. T h e efficien t lin e term in ates


 w h en  a p oin t w ith  m ax im u m  E  is reach ed .


 11. See footn ote 8.
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 E arlier w e rejected  th e ex p ected  retu rn s ru le on  th e g rou n d s th at it


 n ev er im p lied  th e su p eriority  of d iv ersification . T h e ex p ected  retu rn -

 varian ce of return  rule, on  th e oth er h an d, im plies d iversification  for a


 w ide ran g e of p i, o-j. T h is d oes n ot m ean  th at th e E-V  rule n ever im -

 p lies th e su p eriority  of an  u n d iv ersified  p ortfolio. It is con ceiv ab le th at


 on e secu rity  m ig h t h av e an  ex trem ely  h ig h er y ield  an d  low er v arian ce


 th an  all oth er secu rities; so m u ch  so th at on e p articu lar u n d iv ersified


 p ortfolio w ou ld  g iv e m ax im u m  E  an d  m in im u m  V . B u t for a larg e,


 p resu m ab ly  rep resen tativ e ran g e of A i, rij th e E - V  ru le lead s to efficien t


 p ortfolios alm ost all of w h ich  are d iv ersified .


 N ot on ly  d oes th e E -V  h y p oth esis im p ly  d iv ersif ication , it im p lies


 th e "rig h t k in d " of d iversification  for th e "rig h t reason ." T h e ad equ acy 


 of  d iv ersification  is n ot th ou g h t b y  in v estors to d ep en d  solely  on  th e


 n um ber of differen t securities h eld. A  portfolio w ith  sixty  differen t rail-

 w ay  secu rities, for exam p le, w ou ld  n ot b e as w ell d iv ersified  as th e sam e


 size p ortfolio w ith  som e railroad , som e p u b lic u tility , m in in g , v ariou s


 sort of m an u factu rin g , etc. T h e reason  is th at it is g en erally  m ore


 lik ely  for firm s w ith in  th e sam e in d ustry  to d o p oorly  at th e sam e tim e


 th an  for firm s in  d issim ilar in d ustries.


 Sim ilarly  in  try in g  to m ak e v arian ce sm all it is n ot en ou g lh  to in v est


 in  m an y  secu rities. It is n ecessary  to av oid  in v estin g  in  secu rities w ith 


 h ig h  cov arian ces am on g  th em selv es. W e sh ou ld  d iv ersify  across in d u s-

 tries b ecau se f irm s in  d ifferen t in d u stries, esp ecially  in d u stries w ith 


 d ifferen t econ om ic ch aracteristics, h av e low er cov arian ces th an  firm s


 w ith in  an  in d u stry .


 T h e con cep ts "y ield " an d  "risk " ap p ear frequ en tly  in  fin an cial


 w ritin gs. U sually  if th e term  "y ield" w ere replaced  by  "expected


 y ield " or "ex p ected  retu rn ," an d  "risk " b y  "v arian ce of retu rn ," little


 ch an ge of apparen t m ean in g w ould result.


 V arian ce is a w ell-k n ow n  m easure of dispersion  about th e expected.


 If in stead  of v arian ce th e in v estor w as con cern ed  w ith  stan d ard  error,


 a' = V V , or w ith  th e coefficien t of d isp ersion , oy E, h is ch oice w ould


 still lie in  th e set of efficien t p ortfolios.


 Su p p ose an  in v estor d 'iv ersifies b etw een  tw o p ortfolios (i.e., if h e p u ts


 som e of h is m on ey  in  on e p ortfolio, th e rest of h is m on ey  in  th e oth er.


 A n  ex am p le of d iv ersify in g  am on g  p ortfolios is th e b u y in g  of th e sh ares


 of tw o d ifferen t in v estm en t com p an ies). If th e tw o orig in al p ortfolios


 h av e equal v arian ce th en  ty p ically l2 th e v arian ce of th e resu ltin g  (com -

 p ou n d ) p ortfolio w ill b e less th an  th e v arian ce of  eith er orig in al p ort-

 12. In  n o case w ill varian ce b e in creased. T h e on ly  case in  w h ich  varian ce w ill n ot be


 decreased  is if th e return  from  both  p ortfolios are p erfectly  correlated. T o draw  th e iso-

 v arian ce curves as ellipses it is b oth  n ecessary  an d  sufficien t to assum e th at n o tw o d istin ct


 p ortfolios h av e perfectly  correlated  return s.
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 g o T h e J ou rn al of F in an ce


 folio. T h is is illu strated  b y  F ig u re 7. T o in terp ret F ig u re 7 w e n ote th at


 a p ortfolio (P ) w h ich  is b u ilt ou t of tw o p ortfolios P ' = (X , X 2) an d


 P  (X 1, X  2) is of th e form  P  = X P  + (1 - X )P  = (X X  +


 (- X )X 7, X X I+ (1 - )X 2). P  is on  th e straig h t lin e con n ectin g


 P ' an d  P ".


 T h e E - V  p rin cip le is m ore p lau sib le as a rule for in v estm en t b eh av ior


 as d istin g u ish ed  from  sp ecu lativ e b eh av ior. T h e th ird  m om en t"3 M 3 of


 X 2


 X  ;~~~~~~~~~sov arion ee


 F IG . 7


 th e p rob ab ility  d istrib u tion  of retu rn s from  th e p ortfolio m ay  b e co


 n ected  w ith  a p rop en sity  to g am b le. F or ex am p le if th e in v estor m ax


 m izes u tility  (U ) w h ich  d ep en d s on  E  an d  V (U  = U (E , V ), d  U / 1


 0, d  U l/ E  < 0) h e w ill n ev er accep t an  actu arially  fair'4 b et. B u


 13. If R  is a ran d om  v ariab le th at tak es on  a fin ite n u m b er of v alu es rl,. . . , r.

 p rob ab ilities P i, .. ., p n  resp ectiv ely , an d  ex p ected  v alu e E , th en  M s = p i(ri -E )3 


 14. O n e in  w h ich  th e am ou n t g ain ed  b y  w in n in g  th e b et tim es th e p rob ab ility  of w in 
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 U  = U (E, V , M 3) an d  if 69U / 0M 3 $ 0 th en  th ere are som e fair b ets


 w h ich  w ou ld  b e accep ted .


 P erh ap s-for a g reat v ariety  of in v estin g  in stitu tion s w h ich  con -

 sid er y 'ield  to b e a g ood  th in g ; risk , a b ad  th in g ; g am b lin g , to b e


 av oid ed -E, V  efficien cy  is reason ab le as a w ork in g  h y p oth esis an d  a


 w ork in g  m ax im .


 T w o uses of th e E-V  prin ciple suggest th em selves. W e m igh t use it


 in  th eoretical an aly ses or w e m ig h t u se it in  th e actual selection  of


 p ortfolios.


 In  th eoretical an aly ses w e m ig h t in qu ire, for ex am p le, ab ou t th e


 v ariou s effects of a ch an g e in  th e b eliefs g en erally  h eld  ab ou t a firm ,


 or a g en eral ch an g e in  p referen ce as to ex p ected  retu rn  v ersu s v arian ce


 of retu rn , or a ch an g e in  th e su p p ly  of a secu rity . In  ou r an aly ses th e


 X i m ig h t rep resen t in d iv id u al secu rities or th ey  m ig h t rep resen t ag g re-

 g ates such  as, say , b on d s, stock s an d  real estate."


 T o u se th e E -V  ru le in  th e selection  of secu rities w e m u st h av e p ro-

 ced u res for fin d in g  reason ab le ,u i an d  aiq. T h ese p roced u res, I b eliev e,


 sh ould  com b in e statistical tech n iques an d  th e jud g m en t of p ractical


 m en . M y  feelin g  is th at th e statistical com p utation s sh ould  b e used  to


 arriv e at a ten tativ e set of A ,i an d  -ij. J ud g m en t sh ould  th en  b e u sed


 in  in creasin g  or d ecreasin g  som e of th ese A i an d  aoj on  th e basis of fac-

 tors or n uan ces n ot tak en  in to accoun t by  th e form al com putation s.


 U sin g  th is revised  set of A i an d  aii, th e set of efficien t E, V  com bin a-

 tion s could  be com puted, th e in vestor could  select th e com bin ation  h e


 preferred, an d  th e portfolio w h ich  gave rise to th is E, V  com bin ation 


 cou ld  b e foun d .


 O n e su g g estion  as to ten tativ e ji, aij is to use th e ob serv ed  A i, ai


 for som e p eriod  of th e p ast. I b eliev e th at b etter m eth od s, w h ich  tak e


 in to accoun t m ore in form ation , can  b e foun d. I b eliev e th at w h at is


 n eeded  is essen tially  a "p robabilistic" reform ulation  of security  an aly -

 sis. I w ill n ot pursue th is subject h ere, for th is is "an oth er story ." It is


 a story  of w h ich  I h ave read  on ly  th e first p age of th e first ch apter.


 In  th is paper w e h ave con sidered  th e secon d  stage in  th e p rocess of


 selectin g  a portfolio. T h is stag e starts w ith  th e relev an t beliefs about


 th e securities in volved an d  en ds w ith  th e selection  of a portfolio. W e


 h ave n ot con sidered th e first stage: th e form ation  of th e relevan t be-

 liefs on  th e basis of observation .


 15. C are m ust be used  in  usin g  an d  in terpretin g  relation s am on g  ag greg ates. W e can n ot


 deal h ere w ith  th e problem s an d  pitfalls of aggregation .
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